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Abstract
We suggest a tensor equation on Riemannian manifolds which can
be considered as a generalization of the Dirac equation for the electron.
The tetrad formalism is not used. Also we suggest a new form of the
tensor Dirac equation with a Spin(1,3) gauge symmetry in Minkowski
space.
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In this paper, following [2],[3], we consider the tensor Dirac equation (16)
on Riemannian manifolds. Our approach leads to a new form of the tensor
Dirac equation with a Spin(1,3) gauge symmetry in Minkowski space.
The research was carried out while the author was visiting at Bath Uni-
versity. The author is grateful to Professor D.Vassiliev, Dr. A.King, and Dr.
F.Burstall for useful discussions and for hospitality.
1 Differential forms on Riemannian mani-
folds.
Let M be a four dimensional differentiable manifolds covered by a system
of coordinates xµ. Greek indices run over (0,1,2,3). Summation convention
over repeating indices is assumed. We consider atlases onM consisted of one
chart. Suppose that there is a smooth twice covariant tensor field (a metric
tensor) with components gµν = gµν(x), x ∈M such that
• gµν = gνµ;
• g = det‖gµν‖ < 0 for all x ∈M;
• The signature of the matrix ‖gµν‖ is equal to −2.
The matrix ‖gµν‖ composed from contravariant components of the metric
tensor is the inverse matrix to ‖gµν‖. The full set of {M, gµν} is called an
2
elementary Riemannian manifolds (with one chart atlases) and is denoted by
V.
Let Λk be the sets of exterior differential forms of rank k = 0, 1, 2, 3, 4 on
V (covariant antisymmetric tensor fields) and
Λ = Λ0 ⊕ . . .⊕ Λ4 = Λeven ⊕ Λodd,
Λeven = Λ0 ⊕ Λ2 ⊕ Λ4, Λodd = Λ1 ⊕ Λ3.
Elements of Λ are called (nonhomogeneous) differential forms and elements
of Λk are called k-forms or differential forms of rank k. The set of smooth
scalar functions on V (invariants) is identified with the set of 0-forms Λ0. A
k-form U ∈ Λk can be written as
U =
1
k!
uν1...νkdx
ν1 ∧ . . . ∧ dxνk = ∑
µ1<···<µk
uµ1...µkdx
µ1 ∧ . . . ∧ dxµk , (1)
where uν1...νk = uν1...νk(x) are real valued components of a covariant anti-
symmetric (uν1...νk = u[ν1...νk]) tensor field. Differential forms from Λ can be
written as linear combinations of the 16 basis differential forms
1, dxµ, dxµ1 ∧ dxµ2 , . . . , dx0 ∧ . . . ∧ dx3, µ1 < µ2 < . . . . (2)
The exterior multiplication of differential forms is defined in the usual way.
If U ∈ Λr, V ∈ Λs, then
U ∧ V = (−1)rsV ∧ U ∈ Λr+s.
In this paper we consider changes of coordinates with positive Jacobian and
do not distinguish tensors and pseudotensors.
Consider the Hodge star operator ⋆ : Λk → Λ4−k. If U ∈ Λk has the
form (1), then
⋆U =
1
k!(4− k)!
√−g εµ1...µ4uµ1...µkdxµk+1 ∧ . . . ∧ dxµ4 ,
where uµ1...µk = gµ1ν1 . . . gµkνkuν1...νk , εµ1...µ4 is the sign of the permutation
(µ1 . . . µ4), and ε0123 = 1. It is easy to prove that for U ∈ Λk
⋆(⋆U) = (−1)k+1U.
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Further on we consider the bilinear operator Com : Λ2 × Λ2 → Λ2 such
that
Com(
1
2
aµ1µ2dx
µ1 ∧ dxµ2 , 1
2
bν1ν2dx
ν1 ∧ dxν2) = 1
2
aµ1µ2bν1ν2(−gµ1ν1dxµ2 ∧ dxν2
−gµ2ν2dxµ1 ∧ dxν1 + gµ1ν2dxµ2 ∧ dxν1 + gµ2ν1dxµ1 ∧ dxν2)
Evidently, Com(U, V ) = −Com(V, U).
Now we define the Clifford multiplication of differential forms with the
aid of the following formulas (see formulas for the space dimensions 2 and 3
in [2]):
0
U
k
V =
k
V
0
U=
0
U ∧ kV= kV ∧ 0U,
1
U
k
V =
1
U ∧ kV − ⋆ ( 1U ∧⋆ kV ),
k
U
1
V =
k
U ∧ 1V + ⋆ ( kU ∧⋆ 1V ),
2
U
2
V =
2
U ∧ 2V + ⋆ ( 2U ∧⋆ 2V ) + 1
2
Com(
2
U,
2
V ),
2
U
3
V = ⋆
2
U ∧⋆ 3V − ⋆ ( 2U ∧⋆ 3V ),
2
U
4
V = ⋆
2
U ∧⋆ 4V ,
3
U
2
V = −⋆ 3U ∧⋆ 2V − ⋆ (⋆ 3U ∧ 2V ),
3
U
3
V = ⋆
3
U ∧⋆ 3V + ⋆ ( 3U ∧⋆ 3V ),
3
U
4
V = ⋆
3
U ∧⋆ 4V ,
4
U
2
V = ⋆
4
U ∧⋆ 2V ,
4
U
3
V = −⋆ 4U ∧⋆ 3V ,
4
U
4
V = −⋆ 4U ∧⋆ 4V ,
where ranks of differential forms are denoted as
k
U∈ Λk and k = 0, 1, 2, 3, 4.
From this definition we may obtain some properties of the Clifford multipli-
cation of differential forms.
1. If U, V ∈ Λ, then UV ∈ Λ.
2. The axioms of associativity and distributivity are satisfied for the Clifford
multiplication.
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3. dxµdxν = dxµ ∧ dxν + gµν , dxµdxν + dxνdxµ = 2gµν.
4. If U, V ∈ Λ2, then Com(U, V ) = UV − V U .
Let us define the trace of a differential form as a linear operation Tr :
Λ→ Λ0 such that
Tr(1) = 1, Tr(dxµ1 ∧ . . . ∧ dxµk) = 0 for k = 1, 2, 3, 4.
The reader can easily prove that
Tr(UV − V U) = 0, Tr(V −1UV ) = TrU, U, V ∈ Λ.
Let us define an involution ∗ : Λk → Λk. By definition, put
U∗ = (−1) k(k−1)2 U, U ∈ Λk.
It is readily seen that
U∗∗ = U, (UV )∗ = V ∗U∗, U, V ∈ Λ.
Now we can define the spinor group
SpinV = {S ∈ Λeven : S∗S = 1}.
2 Tensors with values in Λk.
Let
uλ1...λrµ1...µkν1...νs(x) = u
λ1...λr
[µ1...µk ]ν1...νs
(x), x ∈ V
be components of a tensor field of rank (r, k+ s) antisymmetric with respect
to the first k covariant indices. One may consider the following objects:
Uλ1...λrν1...νs =
1
k!
uλ1...λrµ1...µkν1...νs dx
µ1 ∧ . . . ∧ dxµk (3)
which are formally written as k-forms. Under a change of coordinates (x)→
(x˜) the values (3) transform as components of a tensor field of rank (r, s)
U˜α1...αrβ1...βs = q
ν1
β1
. . . qνsβsp
α1
λ1
. . . pαrλrU
λ1...λr
ν1...νs
, qνβ =
∂xν
∂x˜β
, pαλ =
∂x˜α
∂xλ
. (4)
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The objects (3) are called tensors of rank (r, s) with values in Λk. We write
this as
Uλ1...λrν1...νs ∈ Λk⊤rs.
Elements of Λ0⊤rs are ordinary tensors of rank (r, s) on V. For Uµ ∈ Λk⊤1
we have
dxµUµ ∈ Λk+1 ⊕ Λk−1.
3 The covariant derivatives ∇µ.
On Riemannian manifolds V the Christoffel symbols Γλµν = Γλνµ (Levi-
Chivita connectedness components) are defined with the aid of the metric
tensor
Γλµν =
1
2
gλκ(∂µgµκ + ∂νgµκ − ∂κgµν). (5)
Let us remind the definition of covariant derivatives ∇µ acting on tensor
fields on V by the following rules (∂µ = ∂/∂xµ):
1. If t = t(x), x ∈ V is a scalar function (invariant), then
∇µt = ∂µt.
2. If tν is a vector field on V, then
∇µtν ≡ tν;µ = ∂µtν + Γνµλtλ.
3. If tν is a covector field on V, then
∇µtν ≡ tν;µ = ∂µtν − Γλµνtλ.
4. If u = uν1...νkλ1...λl , v = v
ν1...νr
λ1...λs
are tensor fields on V, then
∇µ(u⊗ v) = (∇µu)⊗ v + u⊗∇µv.
With the aid of these rules it is easy to calculate covariant derivatives
of arbitrary tensor fields. Also, it is easy to check the correctness of the
following formulas:
∇µgνλ = 0, ∇µgνλ = 0, ∇µδνλ = 0.
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4 The Clifford derivatives Υµ.
Let us define the Clifford derivatives Υµ (Upsilon), which act on tensors from
Λ⊤rs by the following rules:
1. If tǫ1...ǫrν1...νs is a covariant tensor field on V of rank (r, s), then
Υµt
ǫ1...ǫr
ν1...νs
= ∂µt
ǫ1...ǫr
ν1...νs
.
2. Υµdx
ν = −Γνµλdxλ.
3. If U, V ∈ Λ and UV is the Clifford product of differential forms, then
Υµ(UV ) = (ΥµU)V + UΥµV.
With the aid of these rules it is easy to calculate how operators Υµ act
on arbitrary tensor from Λ⊤rs.
If U ∈ Λk, written as (1), then
ΥµU =
1
k!
uν1...νk;µdx
ν1 ∧ . . . ∧ dxνk . (6)
That means Υµ : Λ
k → Λk⊤1. The formula (6) indicate the connection
between operators Υµ and ∇µ.
If U ǫ1...ǫrν1...νs ∈ Λ⊤rs and r + s > 0, then the values ΥµU ǫ1...ǫrν1...νs are not the
components of a tensor (when the curvature is nonzero). In what follows we
do not use the Clifford derivatives Υµ as isolated operators acting on tensors
from Λ⊤rs, r + s > 0. But we use them as building blocks of operators, that
map tensors to tensors. For example, if Bµ ∈ Λ2⊤1, then the expression
ΥµBν −ΥνBµ − [Bµ, Bν ]
is a tensor from Λ2⊤2.
Consider the change of coordinates (x)→ (x˜)
pµν =
∂x˜µ
∂xν
, qµν =
∂xµ
∂x˜ν
, dxµ = qµν dx˜
ν ,
where pµν , q
µ
ν are functions of x ∈ V. Then the Clifford derivatives Υν in
coordinates xµ related to the Clifford derivatives Υ˜ν in coordinates x˜
µ by the
formula
Υν = p
µ
ν Υ˜µ (7)
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exact the same as formula for partial derivatives ∂ν = p
µ
ν ∂˜µ, where ∂ν =
∂
∂xν
,
∂˜ν =
∂
∂x˜ν
. The proof of this formula is followed from the transformation rule
of Christoffel symbols.
The main properties of the operators Υµ are listed below.
1) Υµ(U
∗) = (ΥµU)
∗ for U ∈ Λ.
2) Υµ(⋆U) = ⋆(ΥµU) for U ∈ Λ.
3) Υµ(TrU) = Tr(ΥµU) for U ∈ Λ.
From the formula Υµdx
λ = −Γλµνdxν we get
(ΥµΥν −ΥνΥµ)dxλ = −Rλρµνdxρ, (8)
where
Rκλµν = ∂µΓ
κ
νλ − ∂νΓκµλ + ΓκµηΓηνλ − ΓκνηΓηµλ (9)
is the rank (1,3) tensor, known as the curvature tensor (or Riemannian ten-
sor). Consider the antisymmetric tensor from Λ2⊤2 such that
Cµν =
1
2
Rαβµνdx
α ∧ dxβ.
Theorem 1. For all U ∈ Λ
(ΥµΥν −ΥνΥµ)U = 1
2
[Cµν , U ]. (10)
The proof is by direct calculation.
If U is invertible (w.r.t. Clifford multiplication) differential form from Λ,
then the relation (10) can be written as
1
2
Cµν = U
−1(
1
2
Cµν)U − U−1(ΥµΥν −ΥνΥµ)U. (11)
Let Bµ ∈ Λ2⊤1 be a tensor such that
ΥµBν −ΥνBµ − [Bµ, Bν ] = 1
2
Cµν . (12)
The existence of solutions of this equation must be investigated.
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Theorem 2. If Bµ ∈ Λ2⊤1 satisfy (12) and S ∈ SpinV , then B′µ = S−1BµS−
S−1ΥµS also satisfy (12).
Proof. It is easily shown that the formula (12) is invariant under the follow-
ing gauge transformation with SpinV symmetry group:
Bµ → B′µ = S−1BµS − S−1ΥµS, (13)
1
2
Cµν → 1
2
C ′µν = S
−1(
1
2
Cµν)S − S−1(ΥµΥν −ΥνΥµ)S,
where S ∈ SpinV . Substituting U = S to the formula (11), we obtain C ′µν ≡
Cµν . This completes the proof.
Now we may connect our construction to the following linear system of
differential equations:
ΥµU − [Bµ, U ] = 0, (14)
where U ∈ Λ is an unknown differential form and Bµ satisfies (12). There
are three things to be said about this system of equations.
The first. The equations (14) are invariant under the gauge transforma-
tion
U → S−1US, Bµ → S−1BµS − S−1ΥµS, S ∈ SpinV .
The second. From (14) we may get the following equalities:
Υµ(ΥνU − [Bν , U ])−Υν(ΥµU − [Bµ, U ]) = 0. (15)
If U ∈ Λ satisfies (14), then U also satisfies (15). Hence equalities (15) can
be considered as necessary conditions for the existence of a solution of the
equations (14). We see that equalities (15) are equivalent to the equalities
(10), which are valid for any U ∈ Λ.
The third. If U1 and U2 satisfy (14), then U1U2 and U1 + U2 also satisfy
(14).
5 Equations for the electron on Riemannian
manifolds.
In [1] we prove that in Minkowski space the Dirac equation for the electron
can be written as a tensor equation (the tensor Dirac equation). Now we
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present the following system of tensor equations on Riemannian manifolds,
which can be considered as a generalization of the tensor Dirac equation:
dxµ(ΥµΨ+ΨIaµ +ΨBµ) +mΨHI = 0,
ΥµH = [Bµ, H ], ΥµI = [Bµ, I], (16)
H2 = 1, I2 = −1, [H, I] = 0,
where
Ψ ∈ Λeven, I ∈ Λ2, H ∈ Λ1, aµ ∈ Λ0⊤1, Bµ ∈ Λ2⊤1, (17)
m ≥ 0 is a real constant, and Bµ satisfies (12). We suppose that in (16) the
differential forms Ψ, H, I are unknown and the tensors aµ, Bµ are known.
Theorem 3. The system of equations (16) is invariant under the gauge
transformation
Ψ→ Ψexp(λI), aµ → aµ − ∂µλ, (H, I, Bµ)→ (H, I, Bµ), (18)
where λ = λ(x) ∈ Λ0 and exp(λI) = cosλ+ I sinλ.
Proof. Denote S = exp(λI). We have
ΥµS = (ΥµI) sinλ+ I∂µλ(cosλ+ I sinλ) (19)
= [Bµ, I] sinλ+ SI∂µλ
Multiplying the first equation in (16) from the right by S and denoting
Ψ′ = ΨS, we obtain
dxµ(ΥµΨ
′ +Ψ′(−S−1ΥµS + aµI + S−1BµS)) +mΨ′IH = 0.
If we substitute ΥµS from (19) to this equation, then we get
−S−1ΥµS + aµI + S−1BµS = (aµ − ∂µλ)I +Bµ.
This completes the proof.
Theorem 4. The system of equations (16) is invariant under the gauge
transformation
Ψ→ ΨS, H → S−1HS, I → S−1IS, Bµ → S−1BµS−S−1ΥµS, aµ → aµ,
(20)
where S ∈ SpinV .
The proof is evident.
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6 The conservative law and the Lagrangian.
With the aid of the 1-form H we define the operation of conjugation
U¯ = HU∗, U ∈ Λ.
Lemma . Suppose Ψ, H, I, aµ, Bµ are chosen as in (17) and
L = Ψ∗(dxµ(ΥµΨ+ΨIaµ +ΨBµ) +mΨHI).
Then the conjugated differential form L¯ can be written as
L¯ = ((ΥµΨ¯− aµIΨ¯− BµΨ¯)dxµ −mIHΨ¯)Ψ.
Proof is by direct calculation.
Theorem 5. Let Ψ, H, I, aµ, Bµ satisfy (16),(17) and j
µ = Tr(Ψ¯dxµΨ).
Then
∂µ(
√−g jµ) = 0. (21)
The identity (21) is called a conservative law for the equation (16). The
vector jµ is called a current.
Proof. It can be checked that
Tr(H(L+ L∗)) =
∂µ(
√−g jµ)√−g .
For a solution of the equation (16) we have L = 0 and so we obtain the
conservative law (21). This completes the proof.
Let us define the Lagrangian (the Lagrangian density) from which the
main equation (16) can be derived
L = Tr(√−gHLI)
= Tr(
√−gΨ¯(dxµ(ΥµΨ+ΨIaµ +ΨBµ)I −mΨH)
Note that this Lagrangian is invariant under the gauge transformations (18)
and (20).
Using the variational principle [5] we suppose that in the Lagrangian L
the differential forms Ψ and Ψ¯ are independent and as variational variables
we take 8 functions which are the coefficients of the differential form Ψ¯. The
Lagrange-Euler equations with respect to these variables give us the system
of equations, which can be written in the form (16).
11
7 The operators d, δ,Υ.
With the aid of Clifford derivatives one can define three differential operators
of first order, which map Λ into Λ. By definition, put
dV = dxµ ∧ΥµV,
ΥV = dxµΥµV,
δV = dV −ΥV,
for V ∈ Λ. Some of the properties of these operators are listed below.
• d : Λk → Λk+1;
• d2 = 0;
• d(U ∧ V ) = dU ∧ V + (−1)kU ∧ dV , U ∈ Λk, V ∈ Λ;
• δ : Λk → Λk−1;
• δ2 = 0;
• δU = ⋆d ⋆ U , U ∈ Λ;
• Υ : Λk → Λk−1 ⊕ Λk+1;
The operator d is called the exterior differential (or generalized gradient),
the operator Υ is called the Clifford differential, and the operator δ is called
the generalized divergence.
8 The Maxwell equations and QED equa-
tions.
It is well known that the Maxwell equations on Riemannian manifolds have
the form
dA = F, δF = αJ, (22)
where A = aµdx
µ ∈ Λ1, F = 1
2
fµνdx
µ∧dxν ∈ Λ2, J ∈ Λ1, and α is a constant.
Using the properties d2 = 0, δ2 = 0 we get from (22) that
dF = 0, δJ = 0.
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If we consider the Lagrangian
LMaxwell = Tr(
√−g F 2) = −1
2
√−g fµνfµν
and take as the variational variables aµ, then we obtain the equations (22).
Now we can join the systems of equations (16) and (22) and obtain the
system of equations
dxµ(ΥµΨ+ΨBµ) + AΨI +mΨHI = 0,
ΥµH = [Bµ, H ], ΥµI = [Bµ, I], (23)
H2 = 1, I2 = −1, [H, I] = 0,
dA = F, δF = αJ,
where J = ΨΨ¯ = ΨHΨ∗ = jµdx
µ, jµ = Tr(Ψ¯dxµΨ), and conservative law
(21) can be written with the aid of 1-form J as δJ = 0.
In the system of equations (23) we consider the differential forms
Ψ, H, I, A, F as unknown and the tensor Bµ as known.
Physical interpretation. We suppose that the system of equations (23)
describes the local interaction of two physical fields. Namely the field of
matter {Ψ, H, I} (which is identified with the wave function of the electron)
and the electromagnetic field {A, F}. So the equations (23) is QED equations
with presence of the gravity field {Bµ, Cµν}.
Let us define the differential operators of the first order Dµ, which act on
tensors from Λ⊤r
DµU = ΥµU − [Bµ, U ]
and put
D = dxµDµ.
Using the operators Dµ the gauge transformation Bµ → S−1Bµ − S−1ΥµS,
S ∈ SpinV can be written as
Bµ → Bµ − S−1DµS, S ∈ SpinV . (24)
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and the equations (23), together with the (12), can be written as
DΨ+ AΨI +BΨ +mΨHI = 0,
DµBν −DνBµ + [Bµ, Bν ] = 1
2
Cµν ,
DµH = 0, DµI = 0,
H2 = 1, I2 = −1, [H, I] = 0, (25)
dA = F, δF = αJ,
where α is a constant, B = dxµBµ, and J = ΨΨ¯ = ΨHΨ
∗.
Theorem 7. The system of equations (25) is invariant under the gauge
transformations
Ψ→ ΨS, H → S−1HS, I → S−1IS, Bµ → S−1BµS − S−1ΥµS,
(A, F, Cµν)→ (A, F, Cµν)
and
Ψ→ Ψexp(λI), A→ A− dλ, (H, I, F, Bµ, Cµν)→ (H, I, F, Bµ, Cµν),
where S ∈ SpinV and λ ∈ Λ0.
A proof follows from the theorems 3,4,6.
We suppose that in the system of equations (25) the forms
Ψ, H, I, A, F,Bµ are unknown and the forms Cµν (the curvature tensor) are
known. As a gravity Lagrangian we may take Einstein-Hilbert Lagrangian√−g R, where R is the scalar curvature. Also, there is an interesting pos-
sibility to try to describe a gravity field using Lagrangian Tr(
√−g CµνCµν).
Further development for this part of the model is needed.
9 Equations in Minkowski space.
Let us suppose that Riemannian manifolds V under consideration is such
that in coordinates xµ the metric tensor has the form
‖gµν‖ = ‖gµν‖ = diag(1,−1,−1,−1).
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So we may consider this Riemannian manifolds as Minkowski space admitting
only Lorentzian changes of coordinates. Let eµ be basis coordinate vectors
and eµ = gµνeν be basis covectors. Differential forms
1
k!
uµ1...µkdx
µ1∧. . .∧dxµk
can be written as the exterior forms
1
k!
uµ1...µke
µ1 ∧ . . . ∧ eµk .
In Minkowski space Γαµν ≡ 0 and
ΥµV = ∂µV, V ∈ Λ.
The curvature tensor Rµναβ ≡ 0. The tensor Bµ ∈ Λ2⊤1 is such that
∂µBν − ∂νBµ − [Bµ, Bν ] = 0. (26)
The solutions of this equations are
Bµ = U
−1∂µU, U ∈ Spin(1, 3). (27)
By the Theorem 2, the covector
B′µ = S
−1BµS − S−1∂µS = (US)−1∂µ(US)
also satisfy (26).
Now we may consider the system of equations (16) in Minkowski space
eµ(∂µΨ+ΨIaµ +ΨBµ) +mΨHI = 0,
∂µH = [Bµ, H ], ∂µI = [Bµ, I], (28)
H2 = 1, I2 = −1, [H, I] = 0,
where Ψ ∈ Λeven, I ∈ Λ2, H ∈ Λ1, aµ ∈ Λ0⊤1, and Bµ ∈ Λ2⊤1 satisfy
(27). According to the Theorem 4, the system of equations (28) is invariant
under the gauge transformation (20) which depends on an exterior form
S = S(x) ∈ Spin(1, 3).
The equations (28) are the new form of the tensor Dirac equation with
a Spin(1, 3) gauge symmetry in Minkowski space. A wave function of the
electron is identified with the full set {Ψ, H, I}.
If we take S = U−1, then the gauge transformation (20) has the form
Ψ→ Ψ′ = ΨS, H → H ′ = S−1HS, I → I ′ = S−1IS, Bµ → 0, aµ → aµ
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and the system of equations (28) is identical to the tensor Dirac equation [1]
eµ(∂µΨ
′ +Ψ′I ′aµ) +mΨ
′H ′I ′ = 0,
∂µH
′ = 0, ∂µI
′ = 0, (29)
(H ′)2 = 1, (I ′)2 = −1, [H ′, I ′] = 0,
This system of equations is invariant under the global transformation
Ψ′ → Ψ′V, H ′ → V −1H ′V, I ′ → V −1I ′V, aµ → aµ,
where V ∈ Spin(1, 3) and ∂µV = 0.
10 A geometrical interpretation of the model.
Let M be a four dimensional differentiable manifolds and let V = {M, gµν}
be the Rimannian manifolds with Levi-Civita connection Γλµν , with the co-
variant derivatives ∇µ, with the Clifford derivatives Υµ, and with the curva-
ture tensor Rαβµν defined in previous sections. Suppose that a new structure
on V is given. Namely the affine connection Γˇλµν . We get definitions of the
covariant derivatives ∇ˇµ, the Clifford derivatives Υˇµ, and the curvature ten-
sor Rˇαβµν , replacing Γ
λ
µν by Γˇ
λ
µν in the corresponding definitions in previous
sections. We suppose that the affine connection Γˇλµν is metric compatible
∇ˇκgµν = 0, ∇ˇκgµν = 0.
It is convenient to introduce the tensor
Kλµν = Γˇ
λ
µν − Γλµν ,
which we, following [8], will call contorsion. It is easy to see that the affine
connection is metric compatible iff Kνµλ = −Kλµν . Torsion is expressed via
contorsion as
T λµν = K
λ
µν −Kλνµ.
Conversely, the contorsion of a metric compatible connection is expressed via
torsion as
Kλµν =
1
2
(T λµν + Tµ
λ
ν + Tν
λ
µ)
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(see [8], formula (7.35)).
So we arrive at the affine space {M, gµν, Kλµν}. Let us define the tensors
bαβµ = −1
2
Kαµβ,
Bµ =
1
2
bαβµdx
α ∧ dxβ ∈ Λ2⊤1,
Cµν =
1
2
Rαβµνdx
α ∧ dxβ ∈ Λ2⊤2.
Theorem 8. If U ∈ Λ, then
ΥˇµU = ΥµU − [Bµ, U ].
Proof follows from the formula
Kνµλdx
λ = [Bµ, dx
ν ],
which can be easily checked.
Theorem 9. (F.E.Burstall, A.D.King, N.G.Marchuk, D.G.Vassiliev) The
following equality holds
ΥµBν −ΥνBµ − [Bµ, Bν ] = 1
2
Cµν
iff
Rˇαβµν = 0.
Proof. Suppose that the tensors qαβµν and Rˇαβµν are such that
1
2
qαβµνdx
α ∧ dxβ = ΥµBν −ΥνBµ − [Bµ, Bν ]− 1
2
Cµν
and
Rˇαβµν = gκα(∂µΓˇ
κ
νλ − ∂ν Γˇκµλ + ΓˇκµηΓˇηνλ − ΓˇκνηΓˇηµλ).
Then it can be easily checked that
Rˇαβµν = −2qαβµν .
This completes the proof.
17
This theorem leads us to the conclusion that the equations (25) can be
considered as equations in the flat affine space (Rˇαβµν = 0, Dµ = Υˇµ).
Postulate (The flat affine field model of gravitation). We suppose that the
physical space-time is a flat affine space such that
(i) The metric tensor gµν satisfies conditions of the first section.
(ii) The affine connection Γˇλµν is metric compatible and defined via contor-
sion Kλµν or, equivalently, by Bµ.
(iii) The affine connection curvature Rˇαβµν = 0.
Then the gravitation field is the pair {Bµ, Cµν}, where Bµ is identified with
a potential of gravity and Cµν is identified with a strength of gravity.
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